Lifting the k-Buchsbaum property  by Nagel, Uwe
Journal of Pure and Applied Algebra 152 (2000) 267{273
www.elsevier.com/locate/jpaa
Lifting the k-Buchsbaum property
Uwe Nagel
Fachbereich Mathematik und Informatik, Universitat-Gesamthochschule Paderborn, D-33095 Paderborn,
Germany
Received 1 July 1998; received in revised form 1 February 1999
Abstract
We compare the cohomological annihilators of a projective subscheme and its general hyper-
surface section. We show that we can conclude from the k-Buchsbaumness of the hypersurface
section to that of the original scheme if the hypersurface has degree at least k +1. We describe
examples which show that this result is best possible. c© 2000 Elsevier Science B.V. All rights
reserved.
MSC: Primary 13H10; 14M05; secondary 13D45; 14B15
1. Introduction
Let X Pn be an equidimensional projective subscheme of positive dimension and
let F be a suciently general hypersurface of Pn. If X is arithmetically Cohen{
Macaulay then it is well known that the hypersurface section X \F is arithmetically
Cohen{Macaulay too. Thus we may ask for the converse statement. This cannot be
true for an arbitrary curve X . Nevertheless, armative results have been obtained in
[4,5]. The situation is simpler if the dimension of X is at least two. Then we can con-
clude that X is arithmetically Cohen{Macaulay provided X \F has this property due to
[4, Proposition 2:1].
The purpose of this note is to discuss the corresponding questions in greater gener-
ality, namely for k-Buchsbaum subschemes. The scheme X is said to be k-Buchsbaum
where k is a non-negative integer, if
(x0; : : : ; xn)k  Hi(JX ) = 0 for all i with 1 i dim X:
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Here Hi(JX ) =
L
t2ZH
i(Pn;JX (t)) denotes the ith cohomology module of X . Thus,
by denition X is arithmetically Cohen{Macaulay if and only if it is 0-Buchsbaum.
Note also that every arithmetically Buchsbaum subscheme X is 1-Buchsbaum, but the
converse is not true if the dimension of X is at least two.
Now let us suppose that X is a k-Buchsbaum subscheme. Then, in general, the
general hypersurface section of X is no longer k-Buchsbaum, but only 2k-Buchsbaum.
This result can be improved if the degree of F is large enough. These statements are
described in Section 2 and indicate that the questions are more complicated if k  1 than
in the arithmetically Cohen{Macaulay case (k=0). We pursue this further in Section 3.
There we describe examples which show that for any integers k  1; d 2 there is a
k-Buchsbaum subscheme X of dimension d which is not (k − 1)-Buchsbaum, but
those general hyperplane section is 1-Buchsbaum and even arithmetically Buchsbaum,
respectively. This means that the cohomological annihilators of the general hypersurface
section X \ F can be considerably larger than the ones of X . Again, the examples
indicate that the situation becomes more \stable" if the degree of F is large enough.
We make this more precise in Section 4.
Suppose that X has dimension  2 and is equidimensional. Then we show that X
must be k-Buchsbaum (k  0) provided X \ F is k-Buchsbaum and degF  k + 1.
The examples of Section 3 show that the corresponding statement fails if degF  k.
Combined with a result of Section 2 we see that the k-Buchsbaumness of X can be
characterized by the k-Buchsbaumness of X \ F provided dim X  2 and degF  2k.
2. Hypersurface sections
We collect some results on hypersurface sections of k-Buchsbaum subschemes.
Let X Pn=PnK be a projective subscheme of positive dimension where K is a eld.
Suppose that X is k-Buchsbaum. If k = 0, i.e. X is arithmetically Cohen{Macaulay,
then its general hypersurface section is 0-Buchsbaum as well. If k > 0 then the general
hypersurface section of X may fail to be k-Buchsbaum. In general there is only a
weaker result.
Let A=R=IX denote the homogeneous coordinate ring of X where R=K[x0; : : : ; xn]:
Let f2R be a homogeneous element of positive degree. We call the hypersurface
F Pn dened by f X -lter regular if f is A-lter regular. (We refer to [8, Section 2]
for basic facts about lter regular elements.) In this case the multiplication by f
provides the sequence of ideal sheaves on Pn
0! IX (−degF) f−!IX ! IX\F ! 0;
which is exact. The induced long exact cohomology sequence gives exact sequences
Hi(JX )(−degF)
f−!Hi(JX )! Hi(JX\F)! Hi+1 (JX ) (i 0):
Analyzing these sequences we obtain the following well-known result.
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Lemma 2.1. Let X be a k-Buchsbaum subscheme and let F be an X -regular hyper-
surface. Then X \ F is a 2k-Buchsbaum subscheme.
This result can be improved if F has large degree compared to k and if F has a
certain shape. If F and G are hypersurfaces dened by f and g, respectively, then by
abuse of notation we denote by F  G the hypersurface dened by f  g. In particular,
F2 is the hypersurface dened by f2.
Theorem 2.2. Let X be a k-Buchsbaum subscheme and let F;G be a X -lter regular
hypersurfaces. Then it holds:
(a) If degF  2k then X \ F is a k-Buchsbaum subscheme.
(b) If the degree of F and G is at least k then there is an isomorphism of graded
R-modules
Hi(JX\FG) = Hi(JX ) Hi+1 (JX )(−degFG) (1 i< dim X ):
In particular; X \ FG is k-Buchsbaum.
Proof. Claim (a) has been observed in Lemma 1:4 of [3]. It follows from the arguments
of [9], Proposition 13 in the appendix or [10, Theorem 3:6].
The second assertion is a consequence of Theorem 4:5 in [8].
The assumption in part (b) provides exact sequences
0! Hi(JX )! Hi(IX\FG)! Hi+1 (JX )(−degFG)! 0 (i< dim X );
which split clearly as sequences of K-modules. The claim in (b) follows because these
sequences split even as exact sequences of R-modules.
The last results indicates that the relation between X and its hypersurface section
X \ F with respect to the k-Buchsbaum property becomes more \stable" if the degree
of F is large enough. We pursue this further in the next section.
3. Some examples
We want to show that there are examples of k-Buchsbaum (k  1) subschemes which
are not (k−1)-Buchsbaum but whose hypersurface section is k 0-Buchsbaum where
k 0<k. This means that the hypersurface section of a scheme X can have behave
better than X itself with respect to the k-Buchsbaum property. Note that we must have
k 0> 0 if the dimension of X is at least two due to [4, Proposition 2:1].
Recall that the K-dual N_ of a graded R-module N is the module HomK (N; K)
where K is considered as a graded module concentrated in degree zero. N_ has a
natural structure as graded R-module.
Proposition 3.1. Let k be a positive integer. Let X Pn be a subscheme of dimension
 2 such that for an integer s
H 1(JX ) = (R=m k)_(s)
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and
Hi(JX ) = 0 if 2 i  dim X:
Let F be an X -lter regular hypersurface of degree m> 0. Put k 0=minfm; kg. Then
X \ F is k 0-Buchsbaum but not (k 0 − 1)-Buchsbaum.
Moreover; if m= 1 then X \ F is even arithmetically Buchsbaum.
Proof. Let F be dened by f2R and consider the exact sequence
Hi(JX )(−m)
f−!H 1(JX )! Hi(JX\F)! Hi+1 (JX ) (i 0):
If i = 1 then our assumption on the cohomology of X provides
H 1(JX\F) = (R=m k)_=f(R=m k)_(s) = (m k :Rf=m k)_(s):
Thus H 1(JX\F) is annihilated by m
k0 but not by m k
0−1.
Using the exact sequence above if 2 i< dim X we obtain Hi(JX\F) = 0 and our
rst claim follows.
If m = 1 then we can conclude that X \ F is not only 1-Buchsbaum but even
arithmetically Buchsbaum by invoking, for example, [7, Lemma 4:4].
Remark 3.2. (i) Subschemes X fullling the assumption of the proposition above do
exist. Indeed, if X has codimension two this follows by [2]. In this case X can even
be chosen as a normal integral subscheme. In higher codimension the existence of an
appropriate subscheme X has been shown in [6].
(ii) Observe that the scheme X in the previous proposition is k-Buchsbaum, but
not (k − 1)-Buchsbaum. Thus the last result supports again the philosophy that the
properties of X and X \ F are more similar if the degree of F is large enough.
(iii) In case m= 1 we can consider X \ F as a subscheme of Pn or of F = Pn−1.
This does not make a dierence with respect to the k-Buchsbaumness of X \ F .
(iv) Chang produced in the Example of [1] a 2-Buchsbaum 3-fold in P5, which is
not 1-Buchsbaum but whose general hyperplane section is arithmetically Buchsbaum.
Her method of construction is dierent from ours. It does not seem to generalize easily,
in particular for producing subschemes of codimension  3.
(v) In the proposition we can weaken the assumption on H 1(JX ). In order to draw
the same conclusions it suces to require H 1(JX ) = N where N is an R-module such
that m kN = 0 and 0 :N f is not annihilated by m k
0
.
It is even not necessary to have only one non-vanishing intermediate cohomology.
For example, we could take a subscheme X of dimension  4 such that H 1(JX ) =
H 3(JX ) = (R=m k)_ and Hi(JX ) = 0 if i = 2 or 4 i dim X .
4. Lifting results
In this section we look for results which are converse to the ones of Section 2.
First we work in a more general framework. In the next statements (R;m) denotes
a local noetherian ring and M a nitely generated R-module of positive dimension. As
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before, k will always be a non-negative integer. Furthermore we dene
i(M) = minf j 2 Z jm j  Him(M) = 0g:
In the following two lemmas we separate the arguments needed. In the proofs we
use the fact that for an M -lter regular element x the kernel of the multiplication map
M x−!M has nite length. This ensures the existence of exact sequences
Him(M)
x−!Him(M)! Him(M=xM)! Hi+1m (M) for all i 0:
Lemma 4.1. Suppose that i(M=xM) k for some M -lter regular element x2m k+1
and some i 0. Then i+1(M) k holds.
Proof. Multiplication by x on M induces the following exact sequence:
Him(M=xM)! Hi+1m (M) x−!Hi+1m (M):
Putting N = Hi+1m (M) it implies the exact sequence
Him(M=xM)! 0 :N x ! 0:
Using our assumption i(M=xM) k we see that m k(0 :N x) = 0, i.e. 0 :N x 0 :N m k :
Thus x2m k+1 implies
0 :N m k+1 0 : Nx 0 : Nm k  0 :N m k+1:
Hence we get equality and by induction
0 :N m k =
[
j>0
0 :N m j = H 0m(N ) = N;
where the last equality is true because N = Hi+1m (M). This proves our assertion.
Lemma 4.2. Suppose that i(M=xM) k for some M -lter regular element x2m k+1
and that Him(M) has nite length. Then i(M) k holds.
Proof. Consider the exact sequence
Him(M)
x−!Him(M)! Him(M=xM):
Hence Him(M)=xH
i
m(M) can be considered as a submodule of H
i
m(M=xM). Since the
latter is annihilated by m k due to our assumption, we obtain
m k  Him(M) x  Him(M)m k+1  Him(M)
and thus
m(m k  Him(M)) =m k  Him(M):
Since m k Him(M) is nitely generated by our assumption, Nakayama’s Lemma shows
our claim.
Observe that H 0m(M) has always nite length. Thus the last result takes a simpler
form if i = 0.
Now we draw the rst consequences.
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Proposition 4.3. Suppose that M=xM is k-Buchsbaum for some M -lter regular ele-
ment x2m k+1. Then M is k-Buchsbaum.
Proof. Let i< dimM . Then it follows i(M) k if i> 0 due to Lemma 4.1 and if
i = 0 due to Lemma 4.2.
Remark 4.4. Under the stronger assumption degF  2k the last statement has been
observed in [3, Lemma 1:4].
The result above is not applicable for lifting the k-Buchsbaum property from a
hypersurface section X \ F to the original scheme X = Proj(A). The reason is that
IX + (f) is not a saturated ideal in general, and then A=fA is not the homogeneous
coordinate ring of X \ F . The next result helps out.
Proposition 4.5. Suppose that dimM  3; depthM > 0; H 1m(M) has nite length and
that (M=xM)=H 0m(M=xM) is k-Buchsbaum for some M -lter regular element x2m k+1.
Then M is k-Buchsbaum.
Proof. Since
Him((M=xM)=H
0
m(M=xM)) =

Him(M=xM) if i> 0;
0 if i = 0;
the rst two lemmas provide the assertion similarly as above.
Remark 4.6. Suppose that R is Gorenstein and equidimensional. Thus H 1m(R) has nite
length by local duality. Then, for M = R and k = 0 the previous result provides the
same conclusion as [4, Proposition 2:1].
Theorem 4.7. Suppose that dimM  3; depthM > 0 and that H 1m(M) has nite length.
Then the following conditions are equivalent:
(a) M is k-Buchsbaum.
(b) (M=xM)=H 0m(M=xM) is k-Buchsbaum for all M -lter regular elements x2m 2k .
(c) (M=xM)=H 0m(M=xM) is k-Buchsbaum for some M -lter regular element x2m 2k .
Proof. If M=xM is k-Buchsbaum then (M=xM)=H 0m(M=xM) is k-Buchsbaum too. Thus
(a) implies (b) according to Theorem 2.2. Since (a) is a consequence of (c) due to
Proposition 4.5, we are done.
All the previous results of this section are also true for nitely generated graded
modules over a noetherian graded K-algebra. Thus we can apply them to closed sub-
schemes of projective space.
Corollary 4.8. Let X Pn be an equidimensional subscheme of dimension  2 and
let F Pn be an X -lter regular hypersurface. Then we have:
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(a) If X \ F is k-Buchsbaum and the degree of F is at least k + 1 then X is
k-Buchsbaum.
(b) If the degree of F is at least 2k then X is k-Buchsbaum if and only if X \ F is
k-Buchsbaum.
Proof. Let A = R= IX denote the homogeneous coordinate ring of X . Then the homo-
geneous coordinate ring of X \ F is (A=fA)=H 0m(A=fA)). Since X is equidimensional
the module H 1(JX ) = H 1m(A) has nite length. Therefore our assertions follow by the
last two results.
The schemes described in Section 3 show that claim (a) above is no longer true if
degF  k. Indeed, choosing degF=m<k in Proposition 3.1 then X\F is m-Buchsbaum
but X is not m-Buchsbaum.
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